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Abstract
Let h40; UCC1ð½h; 0;RnÞ open, and f : U-Rn continuously differentiable. If f satisﬁes
two mild additional smoothness conditions then the set
X ¼ ffAU : ’fð0Þ ¼ f ðfÞg
is a C1-submanifold of codimension n in C1ð½h; 0;RnÞ; the maximal solutions xf of the
initial value problems
’xðtÞ ¼ f ðxtÞ; x0 ¼ fAX
deﬁne a continuous semiﬂow F on X ; and all operators Fðt; 
Þ are continuously differentiable.
Their derivatives D2Fðt;fÞ are given in the usual way by solutions v to the variational
equation along xf; with segments vt in the tangent spaces TFðt;fÞX : The additional conditions
on f are motivated by properties of differential equations with state-dependent delay, and are
veriﬁed for an example.
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1. Introduction
Let h40; nAN: Choose a norm j 
 j on Rn: Consider a delay differential equation
’xðtÞ ¼ gðxðt  rÞÞ
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given by a Rn-valued map g on some open subset of Rn and a functional r which
expresses the delay depending on the values of the solution x at arguments sA½t 
h; t: In the framework of retarded functional differential equations (RFDEs) this
reads
’xðtÞ ¼ f ðxtÞ ð1Þ
with the map f given by f ðfÞ ¼ gðfðrðfÞÞÞ on a subset U of the Banach space
Cð½h; 0Þ of continuous maps f : ½h; 0-Rn; with
jjfjjh;0 ¼ max
sA½h;0
jfðtÞj;
and xt : ½h; 0-Rn deﬁned by xtðsÞ ¼ xðt þ sÞ: The map f above is, in general, not
smooth enough in order to deﬁne well-posed initial value problems on all of an open
subset of Cð½h; 0Þ; not to speak of applications of basic tools of dynamical systems
theory, like for example the local stable manifold theorem. A reason for lack of
differentiability may be seen in the fact that the formula deﬁning f involves the
evaluation map
Cð½h; 0Þ  ½h; 0{ðf; sÞ/fðsÞARn
which is not differentiable.
Let C1ð½h; 0Þ denote the Banach space of continuously differentiable (C1-) maps
f : ½h; 0-Rn; normed by
jjfjj1h;0 ¼ jjfjjh;0 þ jj ’fjjh;0:
Incidentally, the reader should not be confused by the fact that the symbol C1
alone is used to indicate continuous differentiability of various maps, some related to
the space C1ð½h; 0Þ and others not.
The restricted evaluation map
ev : C1ð½h; 0Þ  ½h; 0-Rn
is C1-smooth, with partial derivatives given by
D1 evðf; sÞw ¼ evðw; sÞ; D2 evðf; sÞ1 ¼ ’fðsÞ:
Therefore C1-smoothness of r and g yield C1-smoothness of the induced map
f : f/gðevðf;rðfÞÞÞ on open subsets of C1ð½h; 0Þ: However, the initial value
problem for arbitrary data f in open subsets of C1ð½h; 0Þ would in general not
have reasonable solutions as continuity of the curve t/xt at t ¼ 0 implies the
necessary condition
’fð0Þ ¼ f ðfÞ:
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This suggests having a look at the set
X ¼ Xf ¼ ffAU : ’fð0Þ ¼ f ðfÞg;
given a map f :U-Rn; UCC1ð½h; 0Þ: Notice that the linear map
p : C1ð½h; 0Þ{f/ ’fð0ÞARn
is continuous. The zero set X of p  f is the analogue of the domain of the generator
of the strongly continuous semigroup on Cð½h; 0Þ deﬁned by a linear autonomous
retarded functional differential equation
’xðtÞ ¼ Lxt
with L : Cð½h; 0Þ-Rn linear and continuous. Moreover, in case of a locally
Lipschitz continuous map f : Cð½h; 0Þ-Rn every solution x : ½h; teÞ-Rn;
0otepN (which is continuous for hptote; differentiable for 0otote; and
satisﬁes (1) for 0otote) has all segments xt; hptote; in X : Let us therefore call X
the solution manifold of Eq. (1).
In the sequel, we assume that a C1-map f : U-Rn; UCC1ð½h; 0Þ open, is given
and consider the following additional properties.
(P1) Each Df ðfÞ;fAU ; extends to a linear map Def ðfÞ on Cð½h; 0Þ which is
continuous.
(P2) For every fAU there are an open neighbourhood VCU and LX0 so that for
all c; w in V ; jf ðcÞ  f ðwÞjpLjjc wjjh;0:
Property (P1) is sufﬁcient for X to be nice:
Proposition 1. If (P1) holds and Xa| then X is a C1-submanifold of codimension n in
U and in C1ð½h; 0Þ:
Proof. Recall X ¼ ðp  f Þ1ð0Þ: It is enough to show that each derivative p 
Df ðfÞ :C1ð½h; 0Þ-Rn; fAX ; is surjective, as in this case the closed kernel has a
n-dimensional complement in C1ð½h; 0Þ on which the derivative is an isomorphism,
and the Implicit Function Theorem yields a local representation of X as a C1-graph.
Let fAX : We show that ðp  Df ðfÞÞðC1ð½h; 0ÞÞ contains a basis of Rn: Let
b1;y; bn form a basis of Rn: Choose a neighbourhood V of 0 in Rn so small that
each n-tuple ðx1;y; xnÞAPnk¼1ðbk þ VÞ is a basis. The continuity of Def ðfÞ at
0ACð½h; 0Þ and the fact that each open set in Cð½h; 0Þ contains elements
wAC1ð½h; 0Þ with prescribed value ’wð0Þ combined imply that there exist w1;y; wn
in C1ð½h; 0Þ with ’wkð0Þ ¼ bk and V{Def ðfÞwk ¼ Df ðfÞwk for all k: Hence
ðp  Df ðfÞwkAbk þ V for all k. &
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In the next section, we verify that in case both properties (P1) and (P2) hold the
maximal solutions xf of the initial value problems
’xðtÞ ¼ f ðxtÞ; x0 ¼ fAX ð2Þ
deﬁne a continuous semiﬂow F on X with continuously differentiable solution operators
Fðt; 
Þ: Their derivatives D2Fðt;fÞ are given in the usual way by solutions v to the
variational equation along xf; with segments vt in the tangent spaces TFðt;fÞX of the
solution manifold. The construction of the semiﬂow follows standard procedures, except
that (P2) and the fact that initial data are restricted to the submanifold X become crucial.
Finally, it is shown that some differential equations which model real-world
situations and contain a delay deﬁned implicitly by the state lead to Eq. (1) with f
having properties (P1) and (P2). Linearization at a stationary state shows that on the
appropriate tangent space one obtains just the linear autonomous RFDE which was
to be expected from results in [1,2,4,9,10,13,14,16–19,21] but could not be connected
without difﬁculties to the original nonlinear equation.
Earlier results on existence of solutions to differential equations with state-
dependent delay, on uniqueness, and on continuous dependence on initial data are
due to Driver [6], and form part of work on periodic solutions [1,2,13,14,16–
19,21,23], attractors [11], and other problems. In [15] nonlinear semigroups for a
class of differential equations with state-dependent delay are studied. The set X
occurs, and it is mentioned that X is a Lipschitz manifold. In [12] a complete metric
space analogous to X serves as a state space for neutral functional differential
equations. Property (P1) is a variant of the notion of being almost Fre´chet
differentiable introduced by Mallet-Paret et al. [19], and it is a weak form of a
condition used by Krisztin [10] in his work on smooth unstable manifolds. Property
(P2) is closely related to the idea of being almost locally Lipschitzian in [19]. In [23]
property (P2) is used for the construction of a semiﬂow. Further related work are the
results on linearization by Cooke and Huang [4], the thesis of Krishnan [9], who
obtained the ﬁrst theorem on smooth local unstable manifolds for differential
equations with state-dependent delay, and a result of Arino and Sanchez [3] on
hyperbolic solution behaviour close to an equilibrium. Smooth dependence on
parameters in the nonautonomous case was studied by F. Hartung and J. Turi [8].
Preliminaries. Recall that f : U-Rn; UCC1ð½h; 0Þ open, is assumed to be a
C1-map. A C1-solution of Eq. (1) is a C1-map x : ½t0  h; txÞ-Rn; t0otxpN; such
that all xt; 0ptotx; belong to U and (1) holds for t0ototx: In the sequel, only such
C1-solutions are considered. By (1),
xtAX for all tAð0; txÞ:
This relation holds also at t ¼ 0 since uniform continuity of x and ’x on compact
intervals yields continuity of the curve
½0; txÞ{t/xtAUCC1ð½h; 0Þ;
hence ’xð0Þ ¼ lim
0ot-0
’xðtÞ ¼ lim
0ot-0
f ðxtÞ ¼ f ðx0Þ:
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Let B be a real Banach space. The open ball in B with radius r40 and centre 0 is
denoted by Br: The closure of a set MCB is written cl M: For mAM and r40;
Mm;r ¼ M-ðm þ BrÞ:
For given nAN and reals aob let Cð½a; bÞ denote the Banach space of continuous
maps from ½a; b into Rn; with the norm given by
jjyjja;b ¼ max
aptpb
jyðtÞj:
The symbol C1ð½a; bÞ stands for the Banach space of C1-maps from ½a; b into Rn;
with the norm given by
jjyjj1a;b ¼ jjyjja;b þ jj ’yjja;b:
For T40 let C10ð½h; T Þ denote the closed subspace of maps yAC1ð½h; T Þ which
vanish on ½h; 0: We also need the Banach space Cð½0; T ; C1ð½h; 0ÞÞ of
continuous maps Z : ½0; T -C1ð½h; 0Þ; with the norm given by
jjZjj0;T ;C1 ¼ max
tA½0;T 
jjZðtÞjj1h;0:
We have linear continuous inclusion maps
C1ð½h; 0Þ-Cð½h; 0Þ; C10ð½h; T Þ-C1ð½h; T Þ; C1ð½0; T Þ-Cð½0; T Þ:
All of the following linear maps are continuous:
ET : C
1ð½h; 0Þ-C1ð½h; T Þ given by
ETfðtÞ ¼ fðtÞ for tA½h; 0Þ; ETfðtÞ ¼ fð0Þ þ t ’fð0Þ for tA½0; T ;
jT : C
1ð½h; T Þ-Cð½0; T ; C1ð½h; 0ÞÞ given by jTðyÞðtÞ ¼ yt;
jn :R
n-C1ð½0; T Þ given by jnxðtÞ ¼ x;
IT : Cð½0; T Þ-C1ð½0; T Þ given by ITðyÞðtÞ ¼
Z t
0
yðsÞ ds;
ET : C1ð½0; T Þ-C1ð½h; T Þ given by
ET zðtÞ ¼ zðtÞ for tA½0; T ; ET zðtÞ ¼ zð0Þ þ t’zð0Þ for tA½h; 0Þ;
evt : C
1ð½h; T Þ{z/ztAC1ð½h; 0Þ for all tA½0; T ;
and
rT : C
1ð½h; T Þ{z/zj½0; T AC1ð½0; T Þ:
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The set
UT ¼ fZACð½0; T ; C1ð½h; 0ÞÞ: ZðtÞAU for all tA½0; T g
is open, and the substitution operator
fT : UT{Z/f 3ZACð½0; T Þ
is C1-smooth, with
ðDfT ðZÞwÞðtÞ ¼ Df ðZðtÞÞwðtÞ
for all ZAUT ; wACð½0; T ; C1ð½h; 0ÞÞ; tA½0; T : For a proof, see e.g. [5,
Appendix IV, p. 490].
2. The semiﬂow on the solution manifold
In this section it is assumed that f has both properties (P1) and (P2). We look for
solutions of the integrated initial value problem (2) on intervals ½0; T ; T40; i.e., for
maps xAC1ð½h; T Þ with x0 ¼ fAX given, xsAU for all sA½0; T ; and
xðtÞ ¼ fð0Þ þ
Z t
0
f ðxsÞ ds for tA½0; T :
For the discussion of continuous and better dependence of solutions on initial values
it is convenient to separate from x the initial value as suggested by the equation
x ¼ y þ #f;
with #fðtÞ ¼ fðtÞ on ½h; 0Þ and #fðtÞ ¼ fð0Þ þ t ’fð0Þ on ½0;NÞ: This leads to the
ﬁxed point equations
yðtÞ ¼ xðtÞ  #fðtÞ ¼
Z t
0
f ðys þ #fsÞ ds  t ’fð0Þ ¼
Z t
0
ðf ðys þ #fsÞ  ’fð0ÞÞ ds
for yAC10ð½h; T ÞCC1ð½h; T Þ; 0ptpT : They will be solved by a parameterized
contraction (see [5, Appendix V]). Observe that
ETf ¼ #fj½h; T  for all fAC1ð½h; 0Þ
and
jjETfjj1h;Tpð1þ TÞjjfjj1h;0 for all fAC1ð½h; 0Þ:
Choose cAX : There exist rðcÞ40 and LX0 such that
Vc ¼ cþ ðC1ð½h; 0ÞÞrðcÞ
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is a subset of U and
jf ðfÞ  f ðwÞjpLjjf wjjh;0 for all f; w in Vc:
Here (P2) was used. Obviously, we also have
jf ðfÞ  f ðwÞjpLjjf wjj1h;0 for f; w in Vc:
Proposition 2. For every e40 there exist T ¼ TðeÞAð0; 1
2Lþ1 and r ¼ rðeÞAð0; rðcÞ
such that for all fAcþ ðC1ð½h; 0ÞÞr and all tA½0; T ;
#ftAcþ ðC1ð½h; 0ÞÞe:
Proof. #c and its derivative are uniformly continuous on ½h; 1: It follows that there
exists T ¼ TðeÞAð0; 1
2Lþ1Þ such that for all tA½0; T ;
jj #ct  #c0jj1h;0pmin rðcÞ;
e
2
n o
:
In particular,
#ctAVc for tA½0; T :
For fAVc and all tA½0; T ;
jj #ft  #ctjj1h;0pjjETf ETcjj1h;Tpð1þ TÞjjf cjj1h;0:
For such f and t; both estimates combined yield
jj #ft  cjj1h;0 ¼ jj #ft  #c0jj1h;0pjj #ft  #ctjj1h;0 þ jj #ct  #c0jj1h;0
p ð1þ TÞjjf cjj1h;0 þ
e
2
;
which permits to ﬁnd r ¼ rðeÞ as desired. &
Let
e ¼ rðcÞ
2
; TAð0; TðeÞ; rAð0; rðeÞ:
Let fAX-ðcþ ðC1ð½h; 0ÞÞrÞ and yAðC10ð½h; T ÞÞe: The values of the continuous
map
jT ðyÞ : ½0; T {s/ysAC1ð½h; 0Þ
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satisfy
jjysjj1h;0oe;
and the values of the continuous map
jT ðETðfÞÞ : ½0; T {s/ #fsAC1ð½h; 0Þ
belong to
cþ ðC1ð½h; 0ÞÞe;
according to Proposition 2. Hence
ys þ #fsAcþ ðC1ð½h; 0ÞÞrðcÞ ¼ Vc for sA½0; T :
It follows that the relations
zðtÞ ¼
Z t
0
ðf ðys þ #fsÞ  ’fð0ÞÞ ds; tA½0; T ;
and zðtÞ ¼ 0 for tA½h; 0Þ deﬁne a map
z : ½h; T -Rn;
also denoted by RTrðf; yÞ: It is clear that the restriction zj½0; T  is C1-smooth, with
’zðtÞ ¼ f ðyt þ #ftÞ  ’fð0Þ for tAð0; T :
The derivative of zj½0; T  at t ¼ 0 is
f ðy0 þ #f0Þ  ’fð0Þ ¼ f ð0þ fÞ  ’fð0Þ ¼ 0
since fAX : It follows that
RTrðf; yÞ ¼ zAC10ð½h; T Þ:
So the previous remarks yield a map
RTr : Xc;r  ðC10ð½h; T ÞÞe-C10ð½h; T Þ;
where Xc;r ¼ X-ðcþ ðC1ð½h; 0ÞÞrÞ: For RTr to be Lipschitz continuous in the
second variable we need property (P2).
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Proposition 3. For all fAXc;r and y; w in ðC10ð½h; T ÞÞe;
jjRTrðf; yÞ  RTrðf; wÞjj1h;Tp
2L
2L þ 1jjy  wjj
1
h;T :
Proof. Set z ¼ RTrðf; yÞ and v ¼ RTrðf; wÞ: For all tA½0; T ;
jzðtÞ  vðtÞjpT max
sA½0;T 
jf ðys þ #fsÞ  f ðws þ #fsÞj
pT L max
sA½0;T 
jjys  wsjj1h;0pTLjjy  wjj1h;T
and, since ’yðuÞ ¼ 0 ¼ ’wðuÞ for uA½h; 0;
j’zðtÞ  ’vðtÞj ¼ jf ðyt þ #ftÞ  f ðwt þ #ftÞjpLjjyt  wtjjh;0
¼L max
sA½h;0
yðt þ sÞ  wðt þ sÞj j ¼ L max
sA½h;0
Z tþs
0
ð ’yðuÞ  ’wðuÞÞ du


pL
Z T
0
j ’yðuÞ  ’wðuÞj dupLT max
sA½0;T 
j ’yðsÞ  ’wðsÞj
pL T jjy  wjj1h;T :
Recall Tp 1
2Lþ1: The assertion follows. &
Proposition 4. Let d40: Then there exist T ¼ TðdÞAð0; TðeÞ and r ¼ rðdÞAð0; rðeÞ
such that for all fAXc;r;
jjRTrðf; 0Þjj1h;Tpd:
Proof. (1) Choose eðdÞAð0;minfrðcÞ; d
3L
gÞ: Then choose T1 ¼ TðeðdÞÞ and r1 ¼
rðeðdÞÞ according to Proposition 2, so that
#ftAcþ ðC1ð½h; 0ÞÞeðdÞCcþ ðC1ð½h; 0ÞÞrðcÞ ¼ Vc
for all fAcþ ðC1ð½h; 0ÞÞr1 and all tA½0; T1:
(2) The inequality eðdÞo d
3L
permits to choose T ¼ TðdÞAð0; T1 and r ¼
rðdÞAð0; r1 so small that
TðL rðcÞ þ jf ðcÞj þ j ’cð0Þj þ rÞ þ Lð1þ TÞr þ LeðdÞ þ rod:
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For fAXc;r; z ¼ RTrðf; 0Þ; and tA½0; T ; it follows that
jzðtÞj ¼
Z t
0
ðf ð0þ #fsÞ  ’fð0ÞÞ ds

pT sup
wAVc
jf ðwÞj þ j ’cð0Þj þ r
 !
pTðL rðcÞ þ jf ðcÞj þ j ’cð0Þj þ rÞ;
and
j’zðtÞj ¼ jf ð #ftÞ  ’fð0Þj
p jf ð #ftÞ  f ð #ctÞj þ jf ð #ctÞ  f ð #c0Þj þ jf ð #c0Þ  ’fð0Þj
¼ jf ð #ftÞ  f ð #ctÞj þ jf ð #ctÞ  f ð #c0Þj þ j ’cð0Þ  ’fð0Þj
(since #c0 ¼ cAX )
pLjj #ft  #ctjj1h;0 þ Ljj #ct  #c0jj1h;0 þ jjc fjj1h;0
(since #ft; #ct; #c0 ¼ c belong to Vc)
pLjjETf ETcjj1h;T þ Ljj #ct  #c0jj1h;0 þ jjc fjj1h;0
(recall the map ET :C
1ð½h; 0Þ-C1ð½h; T Þ)
pLð1þ TÞjjf cjj1h;0 þ L eðdÞ þ r
(recall #ctAcþ ðC1ð½h; 0ÞÞeðdÞ)
pLð1þ TÞr þ L eðdÞ þ r:
Altogether,
jjzjj1h;TpTðL rðcÞ þ jf ðcÞj þ j ’cð0Þj þ rÞ þ LðT þ 1Þr þ L eðdÞ þ rod: &
Set
d ¼ e
2
1 2L
2L þ 1
 
; T ¼ TðdÞ; r ¼ rðdÞ
and
l ¼ 2L
2L þ 1þ
1
2
1 2L
2L þ 1
 
:
Corollary 1. RTr maps the open subset Xc;r  ðC10ð½h; T ÞÞe of X  C10ð½h; T Þ into
the closed ball clðC10ð½h; T ÞÞleCðC10ð½h; T ÞÞe:
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Proof. For fAXc;rCXc;rðcÞ and yAðC10ð½h; T ÞÞe;
jjRTrðf; yÞjj1h;Tp jjRTrðf; yÞ  RTrðf; 0Þjj1h;T þ jjRTrðf; 0Þjj1h;T
p 2L
2L þ 1jjyjj
1
h;T þ d
(Proposition 3 is applicable since rprðeÞ; TpTðeÞ; fAXc;r; and yAðC10ð½h; T ÞÞe:
Use also Proposition 4.)
p 2L
2L þ 1 eþ
e
2
1 2L
2L þ 1
 
¼ le: &
Proposition 5. RTr is C
1-smooth.
Proof. RTr is the composition of suitable restrictions of the following 9 maps all of
which are continuously differentiable:
X  C10ð½h; T Þ{ðf; yÞ/ðf; yÞAC1ð½h; 0Þ  C10ð½h; T Þ;
C1ð½h; 0Þ  C10ð½h; T Þ{ðf; yÞ
/ðETf; y; pfÞAC1ð½h; T Þ  C10ð½h; T Þ  Rn ðlinear; continuousÞ;
C1ð½h; T Þ  C1ð½h; T Þ  Rn{ðv; w; xÞ/ðv þ w; xÞAC1ð½h; T Þ  Rn;
jT  id : C1ð½h; T Þ  Rn-Cð½0; T ; C1ð½h; 0ÞÞ  Rn ðlinear; continuousÞ;
fT  id : Cð½0; T ; C1ð½h; 0ÞÞ  Rn-Cð½0; T Þ  Rn;
id  jn : Cð½0; T Þ  Rn-Cð½0; T Þ  C1ð½0; T Þ ðlinear; continuousÞ;
Cð½0; T Þ  C1ð½0; T Þ{ða; bÞ/a  bACð½0; T Þ;
IT : Cð½0; T Þ-C1ð½0; T Þ ðlinear; continuousÞ
and
ET : C1ð½0; T Þ-C1ð½h; T Þ ðlinear; continuousÞ:
Recall that RTr has values in the subspace C
1
0ð½h; T ÞCC1ð½h; T Þ: &
Using local charts of the submanifold X and a version of Banach’s ﬁxed point
theorem with parameters, e.g., Proposition 1.1 of Appendix VI in [5], we obtain from
Proposition 3, Corollary 1, and Proposition 5 that the map
YTr : Xc;r-C
1
0ð½h; T Þ
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which assigns to each fAXc;r the unique ﬁxed point y ¼ yðfÞAðC10ð½h; T ÞÞe of the
map RTrðf; 
Þ is C1-smooth. It follows that also the map
STr : Xc;r-C
1ð½h; T Þ
given by STrðfÞ ¼ xðfÞ ¼ yðfÞ þ #fj½h; T  ¼ YTrðfÞ þ ETf is C1-smooth.
The brackets enclosing the upper index remind of the fact that xðfÞ is only a
restriction of the desired solution of the initial value problem (2).
For each fAXc;r and all tA½0; T ; the C1-map x ¼ xðfÞ satisﬁes
xðtÞ ¼ yðtÞ þ #fðtÞ ¼
Z t
0
ðf ðys þ #fsÞ  ’fð0ÞÞ ds þ #fðtÞ
¼fð0Þ þ
Z t
0
f ðxsÞ ds;
and xðtÞ ¼ fðtÞ for tA½h; 0: Using fAX ; or equivalently, ’fð0Þ ¼ f ðfÞ; we infer
’xðtÞ ¼ f ðxtÞ for all tA½0; T ;
and in particular, xtAX for all tA½0; T :
Consider the local semiﬂow
FTr : ½0; T   Xc;r-X
given by
FTrðt;fÞ ¼ xðfÞt ¼ evtðSTrðfÞÞ: ð3Þ
Proposition 6. FTr is continuous, and each local solution map FTrðt; 
Þ : Xc;r{f/
x
ðfÞ
t AX ; tA½0; T ; is C1-smooth. For all tA½0; T ; for all fAXc;r; and all wATfX ;
TFTrðt;fÞX{D2FTrðt;fÞw ¼ vðf;wÞt ;
where v ¼ vðf;wÞAC1ð½h; T Þ;
’vðtÞ ¼ Df ðxðfÞt Þvt for all tA½0; T ; v0 ¼ w:
Proof. (1) Let F ¼ FTr; S ¼ STr: Continuity of F follows from the estimate
jjFðs; wÞ  Fðt;fÞjj1h;0p jjFðs; wÞ  Fðs;fÞjj1h;0 þ jjFðs;fÞ  Fðt;fÞjj1h;0
p jjSðwÞ  SðfÞjj1h;T þ jjxðfÞs  xðfÞt jj1h;0
since S is continuous and xðfÞ is uniformly continuous.
ARTICLE IN PRESS
H.-O. Walther / J. Differential Equations 195 (2003) 46–65 57
(2) Let fAXc;r and wATfX : Set Y ¼ YTr; x ¼ xðfÞ; and v ¼ DSðfÞwAC1ð½h; T Þ:
Observe that for all %fAXc;r;
ev0 Sð %fÞ ¼ ev0 Yð %fÞ þ ev0 ET %f ¼ 0þ %f:
It follows that
v0 ¼ ev0v ¼ ev0DSðfÞw ¼ Dðev03SÞðfÞw ¼ w:
Also, for every tA½0; T  and all %fAXc;r;
evtðSð %fÞÞ ¼ evtxð %fÞ ¼ xð %fÞt ¼ Fðt; %fÞ;
and therefore
vt ¼ evtDSðfÞw ¼ Dðevt3SÞðfÞw ¼ D2Fðt;fÞw:
In order to verify the differential equation for v; observe that for all tA½0; T  and all
%fAXc;r;
Sð %fÞðtÞ ¼ xð %fÞðtÞ ¼ %fð0Þ þ
Z t
0
f ðxð %fÞs Þ ds ¼ %fð0Þ þ ðIT ðfTðjTðSð %fÞÞÞÞÞðtÞ;
or equivalently,
rT Sð %fÞ ¼ jn evð %f; 0Þ þ IT ðfTðjTðSð %fÞÞÞÞ:
By the chain rule,
vj½0; T  ¼ rT v ¼ rT DSðfÞw ¼ DðrT 3SÞðfÞw
¼ jn evðw; 0Þ þ DðIT3fT3jT 3SÞðfÞw
¼ jnwð0Þ þ ITðDfTðjT ðSðfÞÞÞðDðjT3SÞðfÞwÞÞÞ:
By (3),
ðjT ðDSðfÞwÞÞðsÞ ¼ vs for all sA½0; T :
Using the formula for DfT from Section 1 one ﬁnds
ðDfTðjTðSðfÞÞÞðDðjT3SÞðfÞwÞÞðsÞ
¼ Df ððjTðSðfÞÞÞðsÞÞ½ðjTðDSðfÞwÞÞðsÞ ¼ Df ðxðfÞs Þvs for all sA½0; T :
It follows that for all tA½0; T ;
vðtÞ ¼ wð0Þ þ
Z t
0
Df ðxðfÞs Þvs ds;
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which ﬁnally yields
’vðtÞ ¼ Df ðxðfÞt Þvt
for all tA½0; T : &
The next step towards the global semiﬂow on X is uniqueness for solutions of the
initial value problem (2). The proof employs property (P2).
Proposition 7. If x : ½t0  h; txÞ-Rn and y : ½t0  h; tyÞ-Rn are solutions of Eq. (1)
with xt0 ¼ yt0 ðAXÞ and txpty then xðtÞ ¼ yðtÞ for all tA½t0  h; txÞ:
Proof. For t0 ¼ 0: Suppose xðtÞayðtÞ for some tAð0; txÞ: Then s ¼ inffuA½0; txÞ:
xðuÞayðuÞg satisﬁes 0psototx: By continuity, xðsÞ ¼ yðsÞ; and consequently
xs ¼ ys: Property (P2) yields a neighbourhood V of xs in C1 and LX0 such that
jf ðfÞ  f ðwÞjpLjjf wjjh;0 for all f; w in V :
As x; ’x; y; ’y are uniformly continuous in ½h; t there exists ZAð0; 1LÞ with s þ Zot
such that xu and yu belong to V for all uA½s; s þ ZÞ: For such u;
jxðuÞ  yðuÞj ¼
Z u
s
ðf ðxwÞ  f ðywÞÞ dw

pL Z max
wA½s;sþZ
jjxw  ywjjh;0
pL Z max
wA½s;sþZ
jxðwÞ  yðwÞj
since xs ¼ ys: It follows that
max
wA½s;sþZ
jxðwÞ  yðwÞjpL Z max
wA½s;sþZ
jxðwÞ  yðwÞj;
hence maxwA½s;sþZ jxðwÞ  yðwÞj ¼ 0; which yields a contradiction to the deﬁnition
of s: &
The remaining steps are standard. The remarks preceding Propositions 6 and 7
combined allow to construct for each fAX the unique maximal solution
xf : ½h; tðfÞÞ-Rn of the initial value problem (2) by
tðfÞ ¼ supftx40 : There is a solution x : ½h; txÞ-Rn of ð2ÞgpN
and
xfðtÞ ¼ xðtÞ if x : ½h; txÞ-Rn is a solution of ð2Þ and  hptotx:
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Consider the set
O ¼
[
fAX
½0; tðfÞÞ  ffgC½0;NÞ  X
and the map
F :O-X
given by Fðt;fÞ ¼ xft : Notice that uniform continuity of xf and ’xf on compact
intervals implies that all curves ½0; tðfÞÞ{t/Fðt;fÞ ¼ xft AX ; fAX are continuous
(with respect to the topology induced by C1ð½h; 0Þ*X ).
For tX0; set
Ot ¼ ffAX : ðt;fÞAOg
In case Ota| consider the solution map
Ft :Ot{f/Fðt;fÞAX :
Theorem 1. O is open in ½0;NÞ  X ; F is continuous, and for every tX0 with Ota| the
map Ft is C
1-smooth. For every ðt;fÞAO and for all wATfX ;
DFtðfÞw ¼ vt
with v : ½h; tðfÞÞ-Rn C1-smooth and
’vðtÞ ¼ Df ðFðt;fÞÞvt for 0ptotðfÞÞ; v0 ¼ w:
Proof. (1) Let ðt;fÞAO; or equivalently, fAOt: Consider the set
A ¼ Af
of all t40 for which there exists r40 so that ½0; t  Xf;r has properties as stated in
Proposition 6, i.e.,
½0; t  Xf;rCO and F j½0; t  Xf;r continuous; ð4Þ
and
FsjXf;r C1 -smooth for every sA½0; t;
and for all %fAXf;r and wAT %fX ; DFsð %fÞw ¼ vs
with v : ½h; t-Rn C1-smooth;
’vðuÞ ¼ Df ðFð %f; uÞvu for 0pupt; v0 ¼ w: ð5Þ
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Due to Proposition 6 and the remarks preceding Proposition 6,
Aa|:
Obviously,
a ¼ af ¼ sup A
satisﬁes 0oaptðfÞ:
Proof of a ¼ tðfÞ: Suppose aotðfÞ: Then 0oaotðfÞpN: Set c ¼ Fða;fÞ:
Proposition 6 guarantees the existence of Z40 so that for ½0; Z  Xc;Z; the analogues
of (4) and (5) hold. The continuity of the curve ½0; tðfÞÞ{t/Fðt;fÞAX and a ¼
supA combined imply that there exists bAða  Z
2
; aÞ-A with Fðb;fÞAXc;Z: By bAA;
there is r40 so that for ½0; b  Xf;r the analogues of (4) and (5) hold. In particular,
Xf;rCOb; and FbjXf;r is C1-smooth. By continuity and FbðfÞ ¼ Fðb;fÞAXc;Z; there
exists %rAð0; r with FbðXf; %rÞCXc;Z: For every wAXf; %r the relations
Fðt; wÞ ¼ xwt for 0ptpb
and
Fðt; wÞ ¼ Fðt  b; Fðb; wÞÞ for botob þ Z ð6Þ
deﬁne a solution of the initial value problem
’xðtÞ ¼ f ðxtÞ; x0 ¼ w:
In particular, ½0; b þ Z
2
  Xf; %rCO: Moreover, F j½0; b þ Z2  Xf; %r is continuous.
(Continuity at points ðt; wÞ with tob is obvious from bAA and %rpr: Continuity at
points ðt; wÞ with t4b follows by means of (6). Continuity at points ðb; wÞ is most easily
seen by ﬁrst considering sequences bXtn-b; wn-w and botn-b; wn-w separately.)
Also, for every sA½0; b þ Z
2
 the map FsjXf; %r is C1-smooth, and there is a representation
of DFsð %fÞ; %fAXf; %r; as in (5). Altogether, b þ Z2AA; which contradicts aob þ Z2:
(2) Let ðt;fÞAO; or equivalently, fAOt; be given. Then 0ptotðfÞ: By the result
of part 1, tosupAf ¼ af: It follows that there exists bAðt; afÞ-Af; which yields
r40 so that for the neighbourhood ½0; b  Xf;r of ðt;fÞ in ½0;NÞ  X analogues of
(4) and (5) hold true. Now the assertion follows easily. &
3. Example
Let c; w; m be positive reals, and let a C1-function a :R-R be given. The system
’x ¼ v; ’v ¼ mv þ a c
2
s  w

 
; ð7Þ
c sðtÞ ¼ xðt  sðtÞÞ þ xðtÞ þ 2w ð8Þ
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models an object which moves on a ray given by wox; and regulates its distance x
from the position x ¼ 0 in the following way. Signals travel at constant speed c from
the object to the reference point at w; are reﬂected, and then received by the object.
At time t the object measures the running time s(t) of the signal emitted at time
t  sðtÞ; computes from s ¼ sðtÞ a position xˆ according to
xˆ ¼ c
2
s  w
(this gives the true position at least if xðtÞ ¼ 0 ¼ xðt  sðtÞÞ), and then uses Newton’s
law with force aðxˆÞ and damping to react.
System (7), (8) is related to the more complicated equations for the 2-body-
problem of electrodynamics studied by Driver [6,7]. Similar models were proposed
by Messer [20] for a robotics problem, and by Nussbaum [22]. Let us mention that a
ﬁrst-order version of the present model exhibits stable periodic motion [23]. For
stable periodic motion in a constant delay system which is to some extent related to
(7), (8), see [24].
Let wþ40: If attention is restricted to the motion of the object as long as
woxowþ then necessarily
0osp2w þ 2wþ
c
¼ h;
which suggests to study system (7), (8) for initial data on the interval ½h; 0: If
moreover the object is of interest only as long as it is slower than the signal, then
Eq. (8) for sðtÞ can be solved in terms of xj½t  h; t as follows.
In the space C1ð½h; 0;R2Þ consider the open subset U of all f ¼ ðx; ZÞ; x and Z in
C1ð½h; 0;RÞ; with
woxðtÞowþ and j’xðtÞjoc for all tA½h; 0:
Let ev1 denote the evaluation map on the set C
1ð½h; 0;RÞ  ½h; 0; i.e., ev1ðx; tÞ ¼
xðtÞAR:
Proposition 8. For every f ¼ ðx; ZÞAU there is a unique s ¼ sðxÞA½0; h with
cs ¼ xðsÞ þ xð0Þ þ 2w:
The map
s :U{f/sðxÞAR
is C1-smooth and for every bAð0; cÞ;
jsðfÞ  sð %fÞjp 2
c  bjjf
%fjjh;0
for all f ¼ ðx; ZÞ; %f ¼ ð%x; %ZÞ in U with maxuA½h;0 j’xðuÞjob:
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Proof. For every f ¼ ðx; ZÞAU and all t; t0 in ½h; 0;
jxðtÞ  xðt0Þjp max
uA½h;0
j’xðuÞj jt  t0j:
Therefore ½0; h{s/1
c
xðsÞ þ xð0Þ þ 2wð ÞA½0; h is a contraction. This proves the
ﬁrst statement. Let bAð0; cÞ: For f ¼ ðx; ZÞAU with maxuA½h;0 j’xðuÞjob and %f ¼
ð%x; %ZÞAU ; s ¼ sðxÞ and %s ¼ sð%xÞ satisfy
cjs  %sj ¼ jxðsÞ  %xð%sÞ þ xð0Þ  %xð0Þj
p jxðsÞ  xð%sÞj þ jxð%sÞ  %xð%sÞj þ jxð0Þ  %xð0Þj
p bjs  %sj þ 2jjf %fjjh;0;
which yields the last assertion. C1-smoothness of s follows by means of the Implicit
Function Theorem from the fact that the C1-map
g :U  ½0; h{ðf; sÞ/ev1ðx;sÞ þ ev1ðx; 0Þ þ 2w  csAR
satisﬁes
D2gðf; sÞ1 ¼ ’xðsÞ  co0
for all f ¼ ðx; ZÞAU and sA½0; h: &
Now system (7), (8) can be rewritten as
’xðtÞ ¼ f ðxtÞ
with f : U-R2 given by
f1ðfÞ ¼ Zð0Þ; f2ðfÞ ¼ mZð0Þ þ a c
2
sðfÞ  w

 
for f ¼ ðx; ZÞAU : Proposition 8 implies that f is C1-smooth and has property (P2).
In order to see that also (P1) holds, consider the map g from the proof of Proposition
8. Let f ¼ ðx; ZÞAU be given, s ¼ sðfÞ: Differentiation of
g3ðidU  sÞ ¼ 0
shows that for all %f ¼ ð%x; %ZÞAC1ð½h; 0;R2Þ;
0 ¼D1gðf; sÞ %fþ D2gðf; sÞDsðfÞ %f
¼ ev1ð%x;sÞ þ ev1ð%x; 0Þ þ ðDsðfÞ %fÞD2gðf; sÞ1
¼ ev1ð%x;sÞ þ ev1ð%x; 0Þ þ ðDsðfÞ %fÞð’xðsÞ  cÞ:
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Hence
DsðfÞ %f ¼ ev1ð
%x;sðfÞÞ þ ev1ð%x; 0Þ
’xðsðfÞÞ þ c :
As
Df2ðfÞ %f ¼ m%Zð0Þ þ Da c
2
sðfÞ  w

 c
2

 
DsðfÞ %f;
it becomes ﬁnally obvious that Df ðfÞ extends to a linear continuous map on the
larger space Cð½h; 0;R2Þ:
Observe sð0Þ ¼ 2w
c
: It follows that in case að0Þ ¼ 0 the zero map hpt/0AR2 is
a solution, and 0AX ¼ Xf is a stationary point of the semiﬂow F deﬁned by the
initial value problem (2) on X : According to Theorem 1 and to the computation
above the derivatives D2Fðt; 0Þ; tX0; are given by the C1-solutions of the
autonomous linear constant delay system
’v1ðtÞ ¼ v2ðtÞ;
’v2ðtÞ ¼  mv2ðtÞ þ a0ð0Þc
2
v1 t  2w
c
 
þ v1ðtÞ
c
¼  mv2ðtÞ þ a0ð0Þ
v1 t  2w
c
 
þ v1ðtÞ
2
with all segments vt in T0X :
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